Abstract. We present and analyse low-temperature series and complex-temperature partition function zeros for the q-state Potts model with q = 4 on the honeycomb lattice and q = 3, 4 on the triangular lattice. A discussion is given on how the locations of the singularities obtained from the series analysis correlate with the complex-temperature phase boundary. Extending our earlier work, we include a similar discussion for the Potts model with q = 3 on the honeycomb lattice and with q = 3, 4 on the kagomé lattice.
Introduction
The two-dimensional (2D) q-state Potts models citepotts,wurev for various q have been of interest as examples of different universality classes for phase transitions and, for q = 3, 4, as models for the adsorption of gases on certain substrates. Unlike the q = 2 (Ising) case, however, for q 3, the free energy has never been calculated in closed form for arbitrary temperature. It is thus of continuing value to obtain further information about the 2D Potts model. It has long been recognized that a very powerful method for doing this is via the calculation and analysis of series expansions for thermodynamic quantities such as the specific heat, magnetization, and susceptibility [3] . For q = 2, 3, and 4, the respective 2D q-state Potts ferromagnets have continuous phase transitions, and the critical singularities and associated exponents are known exactly [2, 4, 5] . Recently, two of us have calculated and analysed long low-temperature series expansions for the Potts model with q = 3 on the honeycomb lattice and for the Potts model with q = 3 and q = 4 on the kagomé lattice [6] . These have been used to make very precise estimates of the respective critical points, to confirm a formula for the honeycomb lattice and to strengthen a previous refutation of an old conjecture for the kagomé lattice. The other three authors have recently used a relation between complex-temperature (CT) properties of the Potts model on a given lattice and physical properties of the Potts antiferromagnet (AF) on the dual lattice to rule out other conjectures [7] and have calculated CT zeros of the partition function for these three cases of q and lattice type [8] . The study of properties of spin models with the magnetic field and temperature generalized to complex values was pioneered by Yang and Lee [9] for the magnetic field and Fisher for the temperature [10] . Some of the earliest work on CT properties of spin models dealt with zeros of the partition function [10] [11] [12] . Another major reason for early interest in CT properties of spin models was the fact that unphysical, CT singularities complicated the analysis of low-temperature series expansions to obtain information about the location and critical exponents of the physical phase transition [13] .
Here we shall present a unified study of the Potts model on the honeycomb lattice for q = 4 and on the triangular lattice for q = 3 and q = 4. For each q value and lattice type, our results include (i) long, low-temperature series for the specific heat, spontaneous magnetization, and initial susceptibility derived using the finite-lattice method [14, 15] , extended by noting the structure of the correction terms [16] ; (ii) a calculation of the CT zeros and, from these, an inference about the CT phase boundary; and (iii) a discussion of how the positions of the physical and unphysical singularities extracted from the series analysis correlate with the CT phase boundary. Since both the critical exponents and the location of the paramagnetic-to-ferromagnetic (PM-FM) phase transition are known exactly for these models, we shall focus mainly on obtaining new information on CT properties from the series and CT zeros. Using the results of [6] [7] [8] , we shall also discuss subject (iii) for the Potts model with q = 3 on the honeycomb lattice and q = 3 and 4 on the kagomé lattice. It is useful to perform a unified analysis of this type because, aside from well-understood exceptions †, the physical and CT singularities of the thermodynamic functions lie on the continuous locus of points B which serves as the boundaries of the CT phases ‡; consequently, an approximate knowledge (or exact knowledge, if available) of where this boundary lies is of considerable help in checking which CT singularities that one extracts from a series analysis are trustworthy and which are not. This will be discussed further below. Note that low-temperature series on the honeycomb lattice correspond to high-temperature series on the triangular lattice, and vice versa.
Model
The (isotropic, nearest-neighbour) q-state Potts model at temperature T on a lattice is defined by the partition function where σ n = 0, . . . , q − 1 are Z q -valued variables on each site n ∈ , β = (k B T ) −1 , and nn denotes pairs of nearest-neighbour sites. The symmetry group of the Potts Hamiltonian † The free energy also has an isolated singularity at |K| = ∞ and (see theorem 6 of [17] ) for the Ising model on lattices with odd coordination number a singularity at z = −1. The latter lies on the CT phase boundary for the honeycomb lattice but is isolated for the heteropolygonal 3 · 12 2 lattice.
‡ As discussed in [18] the CT extension of a physical phase is obtained by analytically continuing the free energy from the interval of physical temperature to a maximal region allowed by nonanalytic boundaries. Henceforth we shall generally take the adjective 'CT extension' as implicit when referring to phases. There are also other CTs that have no overlap with any physical phase; we shall denote these by O for 'other'.
is the symmetric group on q objects, S q . We use the notation K = βJ, h = βH ,
(The variable z was denoted u in [6] .) The (reduced) free energy per site is denoted as
where N s denotes the number of sites in the lattice. There are actually q types of external fields which one may define, favouring the respective values σ n = 0, . . . , q − 1; it suffices for our purposes to include only one. The order parameter (magnetization) is defined to be
where M = σ = lim h→0 ∂f/∂h. With this definition, m = 0 in the S q -symmetric, disordered phase, and m = 1 in the limit of saturated ferromagnetic (FM) long-range order. Finally, the (reduced, initial) susceptibility is denoted asχ = β −1 χ = ∂m/∂h| h=0 . We consider the zero-field model, H = 0, unless otherwise stated. For J > 0 and the dimensionality of interest here, d = 2, the q-state Potts model has a phase transition from the symmetric, high-temperature paramagnetic (PM) phase to a low-temperature phase involving spontaneous breaking of the S q symmetry and onset of FM long-range order. This transition is continuous for 2 q 4 and first-order for q 5. As noted above, the model has the property of duality [1, 2, 19, 20] , which relates the partition function on a lattice with temperature parameter x, to another on the dual lattice with temperature parameter
Other exact results include formulae for the PM-FM transition temperature on the square, triangular, and honeycomb lattices [1, 20] , and calculations of the free energy at the phasetransition temperature, and of the related latent heat for q 5 [21] . The case J < 0, i.e. the Potts AF, has also been of interest because of its connection with graph colorings. Depending on the type of lattice and the value of q, the antiferromagnetic (AFM) model may have a low-temperature phase with AFM long-range order. Alternatively, it may not have any finite-temperature PM-AFM phase transition but instead may exhibit nonzero ground-state entropy. For the Potts model on the honeycomb lattice, the well known q = 2 (Ising) case [22, 23] falls into the former category, while the model with q 3 falls into the latter category [24, 25] with nonzero ground-state entropy [25] [26] [27] [28] . Reviews of the model include [2, 29] .
For the q-state Potts model, from duality and a star-triangle relation, together with a plausible assumption of a single transition, one can derive algebraic equations that yield the PM-FM critical points for the honeycomb (hc) and triangular (t) lattices [20] . The equation for the honeycomb lattice is
and, as follows from equation (2.7), the corresponding formula for the triangular lattice is obtained by the replacement x → 1/x:
It will be useful to have the explicit solutions for the cases studied here. For q = 4, equation (2.9) reduces to (a − 2)(a + 1) 2 = 0, so that the physical PM-FM critical point is given by
and there is a double root at the CT value a t,2,q=4 = −1. (2.16)
Series expansions
The low-temperature series expansion is based on perturbations from the fully aligned ground state and is expressed in terms of the low-temperature variable z and the field variable y = 1 − µ. Details of the methods can be found in [6] , so here it suffices to say that in order to derive series in z for the specific heat, magnetization and susceptibility one need only calculate the expansion in y to second order, i.e.
where Z k (z) is a series in z formed by collecting all terms in the expansion of Z containing factors of y k . We use the finite-lattice method [15] to approximate the infinite-lattice partition function Z by a product of partition functions Z m,n on finite (m × n) lattices, with each Z m,n calculated by transfer-matrix techniques. As explained in [6] , this leads to a series in z correct to order w s (m − 2) + m − 1, where w s is the maximal number of sites contained within the largest width w of the rectangles, and m is the number of nearest neighbours of each site. The implementation of the algorithm on the honeycomb lattice [6] has w s = 2w and m = 3. The triangular lattice is represented as a square lattice with additional interactions along one of the diagonals, and in this case w s = w and m = 6. In addition, we make use of a recent extension procedure discussed in [16] , which allows us to calculate additional series terms.
The extension procedure for the 4-state Potts model on the honeycomb lattice is the same as for the 3-state model [6] . For a given width the expansion is correct to order 2w + 2, and we calculated the series up to w = 12. Next we look at the integer sequences Table 1 . Low-temperature series for the 4-state honeycomb lattice Potts model magnetization (m(z) = n m n z n ), susceptibility (χ(z) = n x n z n ), and specific heat (C(z) = n c n z n ). 
In this case the formulae for the correction terms are simply given by polynomials of order 2s + k. We managed to find formulae for the first four correction terms, which enabled us to calculate the series for the specific heat C, magnetization m, and susceptibilityχ to order 30. The resulting series for m,χ, and the (reduced) specific heatC = C/(k B K 2 ) are given in table 1.
The extension procedure for the triangular lattice is essentially the same as for the honeycomb lattice. The only difference is that the order of the polynomials is s + k. For a given width the expansion is correct to order 4w + 5, and we calculated the series up to w = 14 for q = 3 and up to w = 12 for q = 4. We found formulae for the first seven or eight correction terms in the case q = 3 and the first six or seven correction terms for q = 4. The series were thus derived to order 69 (60) for the specific heat and magnetization and to order 68 (59) for the susceptibility in the case q = 3 (q = 4). The resulting series for m,χ , and the (reduced) specific heatC = C/(k B K
2 ) are given in tables 2 and 3.
Analysis of series

Honeycomb lattice, q = 4
We have analysed the series using dlog Padé approximants (PAs) and differential approximants (DAs); for a general review of these methods, see [3] . We first comment on the physical PM-FM phase transition. The series yield a value for the critical point in excellent agreement with the known value z hc, PM-FM,q=4 = (7), respectively, with similarly good agreement for other values of L and for the approximants to the susceptibility. Concerning the critical exponents at this transition, the value q = 4 is the borderline between the interval 2 q 4 where this transition is second order and the interval q > 4 where it is first order. Related to this, the q = 4 2D Potts model has the special feature that the thermodynamic functions have strong confluent logarithmic corrections to their usual algebraic scaling forms [4] at the PM-FM transition (on any lattice). For example, the singularities in the specific heat and magnetization are C sing ∼ |t| −2/3 (− ln |t|) −1 for t → 0, where t = (T − T c )/T c , and
Consequently, simple fits of the series to an algebraic singularity without this confluent logarithmic correction are not expected to agree well with the known singularities. Indeed, this was the general experience in early series work, and the same is found for the longer series here. As an illustration, a naive fit to a simple algebraic singularity for the specific heat would yield the value α ∼ 0.5 rather than the known value α = . Since these confluent singularities may also affect singularities at CT points, it could be useful in future work, as was noted earlier for the square-lattice model [30] , to carry out a more sophisticated analysis of the series including these confluent singularities. However, because our primary focus here is on obtaining new information on CT properties rather than reproducing exactly known results for the critical exponents of the physical PM-FM singularity, and because it is not known if the confluent logarithmic corrections do affect the CT singularities, we have not tried to include such logarithmic factors in fits to the CT singularities.
Proceeding to CT singularities, we find evidence for one on the negative real z axis at
Here the subscript stands for 'leftmost' singularity on the negative real axis. We shall present below, as an application of the mapping discussed in [7] , an analytic derivation of the exact value a hc, ,q=4 = −3. Clearly, the value extracted from the series analysis is in excellent agreement with the exact determination. By the mapping of [7] , it follows that the singularity in the specific heat at this point a hc, ,q=4 , as approached from larger negative a, i.e. smaller negative z, is the same as the singularity in the specific heat of the q = 4 Potts AF on the triangular lattice at the T = 0 critical point as approached from finite temperature.
We also find evidence from the series analyses for at least one complex conjugate (cc) pair of singularities. One such pair is observed at z hc,cc1,q=4 , z * hc,cc1,q=4 = 0.02(2) ± 0.38(1)i.
(4.2) Table 2 . Low-temperature series for the 3-state triangular lattice Potts model magnetization (m(z) = n m n z n ), susceptibility (χ(z) = n x n z n ), and specific heat (C(z) = n c n z n ). The central values correspond to a hc,cc1,q=4 , a * hc,cc1,q=4 = 0.14 ± 2.6i. As we shall show later, this pair of singularities is consistent with lying on the CT phase boundary B.
Triangular lattice, q = 3
The series yield values for the PM-FM critical point in excellent agreement with the exactly known expression, equation (2.12) . For example, the first-order DAs of the form [L/M 0 , M 1 ] with L = 1 for the free energy yield z t, PM-FM,q=3 = 0.532 095(85), in complete agreement, to within the uncertainty, with the known value given by equation (2.12). For reference, the thermal and field exponents for the 2D q = 3 Potts model are y t = 6 5 and y h = 28 15 , so that the critical exponents for the specific heat, magnetization, and susceptibility are α = α = 1 3 , β = 1 9 , and γ = γ = 13 9 = 1.444 . . . [2, 5] . The above approximants yield the exponent α = 0.331 (27) , again in agreement with the known value. Similar statements apply to the magnetization and susceptibility.
Concerning CT singularities, the series for m andχ indicate a singularity on the negative real axis, at z t,−,q=3 −0.71 and z t,−,q=3 −0.65. If we assume that this is, as it should be, the same singularity, and average the positions, we obtain
or equivalently,
where the numbers in parentheses are our estimates of the theoretical uncertainties. We observe that our numerical determination in equation (4.4) is consistent, to within the uncertainty, with being equal to the value given by the root in equation (2.14), hence our use of the symbol a t, ,q=3 in equation (4.4). We find a complex-conjugate pair of singularities at z t,e,q=3 , z * t,e,q=3 = 0.0209(1) ± 0.531(1)i. (4.5) Table 3 . Low-temperature series for the 4-state triangular lattice Potts model magnetization (m(z) = n m n z n ), susceptibility (χ(z) = n x n z n ), and specific heat (C(z) = n c n z n ). From the CT zeros to be discussed below, we see clearly that the complex conjugate members of this pair are endpoints of arcs of CT zeros of Z, corresponding to continuous arcs of singularities of the free energy in the thermodynamic limit. (2)). The complex conjugate pair of points u s is analogous to the pair in equation (4.7) because the members of this pair were shown [32] to be endpoints of arcs of CT zeros protruding into the CT extension of the FM phase of the spin-1 square-lattice Ising model. We also observe that the values of both these sets of exponents are consistent with the equality α = γ . However, we already know that such an equality, even if it were to hold for these cases, is not a general result for singular exponents at endpoints of arcs of a CT boundary B protruding into the CT extension of the FM phases for a spin model. A counter-example is provided by the (isotropic, spin 1 2 ) Ising model on the triangular lattice. In this case, one can determine the CT phase diagram exactly, and B consists of the union of the unit circle |u + (where the subscript e denotes 'endpoint') of the line segment protruding into the CT extension of the FM phase. An analysis of low-temperature series [34] had earlier yielded the inference that γ e = 5 4 , while exact results [33] yielded α e = 1 (and β e = − 1 8 ), so that α e = γ e . We find a second complex conjugate pair at This pair is consistent with lying on the CT phase boundary, as will be discussed below. It should be noted that we would not expect the low-temperature series to be sensitive to the third root, a t,2,q=3 , of equation (2.9), since this root is masked by the nearer singularity a t,3,q=3 (that is, z t,3,q=3 = −0.652 704 . . . is closer to the origin in the z plane than z t,2,q=3 = −2.879 385 . . .).
Triangular lattice, q = 4
For the physical PM-FM critical point of the q = 4 Potts model on the triangular lattice, the discussion that we gave above for the honeycomb lattice applies; that is to say, the position of the physical singularity is well approximated, but the critical exponents are not, due to the presence of confluent logarithms. For CT properties, we first note that the series do not give a firm indication of a singularity on the negative real axis. We find a complex-conjugate pair of singularities at z t,e,q=4 , z * t,e,q=4 = 0.0304(2) ± 0.498(2)i. (4.10)
We have also studied the exponents at this pair of singularities. If one assumes that there are no strong confluent singularities present, such as the logarithms that are present at the physical critical point, then from our series analysis we extract the following values, with their quoted uncertainties: The central values correspond to a t,e ,q=4 , a * t,e ,q=4 = −1.58 ± 0.964i. (4.14)
Again, this pair can be associated with endpoints of arcs of zeros, as is especially clear from figure 7. There is also some sign of another pair of singularities in the vicinity of z −0.2±0.6i, corresponding to a −0.5±1.5i. The members of this complex conjugate pair are consistent with lying on the CT phase boundary. It is possible that there are also other complex conjugate pairs of singularities.
Complex-temperature zeros
General
The (zero-field) Potts model partition function Z for a finite lattice is, up to a possible prefactor, a polynomial in the Boltzmann weight a. We calculate this polynomial by standard transfer-matrix methods. From this, we then compute the zeros. In the thermodynamic limit, via a coalescence of zeros, there forms a continuous locus B of points where the free energy is nonanalytic. As was noted, this locus serves as the union of boundaries of the various CT phases [18] and, aside from well-understood exceptions [17] , the CT singularities of thermodynamic functions occur on the continuous locus of points B where the free energy is nonanalytic, since it is analytic in the interior of physical phases and their CT extensions. Thus, calculations of CT zeros on sufficiently large finite lattices yield useful information on the CT phase diagram in the thermodynamic limit. Hence, when investigating CT singularities, it is useful to do so in conjunction with a calculation of the CT zeros of the partition function to infer the approximate location of the CT phase boundary B.
To illustrate this, let us return briefly to the q = 2 Ising special case of the Potts model, for which both the free energy [22] and the magnetization [23] are known exactly. We recall that the expression for the spontaneous magnetization is [23] 
where u = z 2 in the FM phase and the CT extension of it (with M = 0 elsewhere). Let us pretend that we did not know the exact free energy or magnetization, but that we had a low-temperature (small-u) series for M and analysed it using dlog PAs. We would find singularities at the following four points:
2, the PM-AFM transition point; (iii) u = −1 and (iv) u = 1. This shows the value and importance of analysing CT singularities of thermodynamic functions from series expansions; these can give one deeper knowledge of the exact functions. Indeed, in this illustrative example, a dlog Padé analysis of the series for M would enable us to reconstruct the exact analytic expression for this quantity. The knowledge of the CT zeros and corresponding CT phase diagram give complementary information, in particular, information on which of the singularities found from the series analysis occur in the true thermodynamic function. Thus, from calculations of CT zeros for finite lattices, we could determine the approximate CT phase boundaries, and, in particular, the CT extension of the FM phase. We would then infer that this (CT) FM phase does not include the point 3 + 2 √ 2, so that the second apparent singularity extracted from the series does not occur in the true function M, since the low-temperature series only apply in the physical FM phase and its CT extension. Even without the CT zeros, in this case, we would also know that the apparent singularity at u = 1 does not occur in the true M, since M is certainly zero, and all thermodynamic functions are analytic, at the infinite-temperature point u = 1 (and since this point is clearly in the PM phase, the low-temperature series are again not applicable in its vicinity). This example thus illustrates the value of both the study of CT singularities from series expansions and CT zeros of the partition function. Here, of the four apparent singularities extracted from the series, only two, namely the physical critical point (i) and the CT singularity (iii) are true singularities of M, since the others occur in regions outside the CT extension of the FM phase where the series applies. In this exactly solved case, these results are obvious, but the lesson holds more generally and illustrates the usefulness of having at least approximate knowledge of the CT phase boundary of a given model when analysing series expansions to obtain locations of CT singularities. Note that all of the CT singularities occur on the locus of points B where the free energy is nonanalytic, which in this case is a limaçon of Pascal (given by equations (2.17) and (2.18) in [18] , the image in the u plane of the circles [10] |z ± 1| = √ 2 in the z plane). This is also a general feature (with the exception noted in theorem 6 of [17] ) and constitutes another reason for the value that a knowledge of CT zeros and the corresponding locus B have for series analyses and vice versa.
As a technical remark, we note that the problem of calculating the zeros of the partition function for large lattices is a challenging one, since the degree of the polynomial is equal to the number of bonds, N b = ( /2)N s , where is the coordination number, N s is the number of sites, and there is a very large range in the sizes of the coefficients, from q for the highest-degree term a N b to exponentially large values for intermediate terms. The latter property is obvious from the fact that for K = 0, i.e. a = 1, the sum of the coefficients in Z is q N s . A general property of the CT phase boundary for any lattice and q value is invariance under complex-conjugation: B → B as a → a * . For previous calculations of CT zeros for the Potts model on the triangular and square lattices, see [35, 36, 30, 29] .
The CT zeros are equivalently plotted in the complex a or z plane; we shall plot them in the a plane because the resultant figures are somewhat more compact and because this maintains conformity with the plots for the square lattice, where the Re (a) > 0 part of the phase boundary is very simple (either exactly or approximately part of a circle, depending on boundary conditions).
In making inferences about the CT phase boundary B in the thermodynamic limit from calculations on CT zeros on finite lattices, it is important to get an idea of the effects of different boundary conditions (BCs) and lattice sizes. Accordingly, in [8] , the authors performed calculations with three different BCs and compared the resultant CT zeros with the exactly known CT phase boundary for the q = 2 Ising model on the honeycomb and kagomé lattices. This also served as a check on the computer programs used. We shall use the same three types of BCs here, and we identify them next, following the notation of [8] .
Honeycomb lattice, q = 4
Before we start to present our results, we have to introduce our notation for the sizes and orientations of the lattices. To indicate the size of a given lattice, we count the number of hexagons. As an illustration, the size of the honeycomb lattice in figure 1 is 4 × 3 hexagons. The number of sites in a lattice is also dependent on the BCs: with periodic boundary conditions in the horizontal direction for example, the sites on the left and right are identified, while with free BCs they are counted independently of each other.
Since we make use of duality in this work, we use lattices that have a corresponding dual lattice. This excludes lattices that are periodic in both directions, for the following reason: duality relies on the fact that every closed polygon divides the lattice into at least two regions. However, a lattice with periodic BCs in both directions, and hence with toroidal geometry, has the property that one can easily draw a closed contour that does not divide the surface into two disjunct regions. Since boundary effects are, in general, best suppressed if one uses periodic BCs in as many directions as possible, we use BCs that are periodic in one direction and free in the other. Our notation for the BCs is (fbc,pbc) for free and periodic BCs in the horizontal (x) and vertical (y) directions, respectively (see figure 1) , and (pbc,fbc) for periodic and free BCs in the x and y directions. Note that for the (fbc,pbc) choice, there is one site per hexagon at the boundary with only two instead of the usual = 3 bonds. For the (pbc,fbc) BCs, there are two of these sites per boundary hexagon. This motivated the formulation of a third kind of boundary condition [8] : starting from the (pbc, fbc) BCs, one adds bonds connecting the boundary sites with fewer than three bounds so that all sites on the lattice have the same coordination number = 3. This type of boundary condition is denoted as (pbc,fbc) . In [8] , a comparison was made with the Ising case q = 2 where the CT phase boundary is exactly known, and it was found that (for the same lattice sizes as are used here) the CT zeros calculated with all three types of BCs, tracked the exactly known CT phase boundary reasonably well. In particular, the (pbc,fbc) choice produced CT zeros with, in general, the least scatter. The (fbc,pbc) choice also exhibited the special feature that a subset of zeros lay exactly on a certain circular arc comprising part of B.
We show our calculations of the CT zeros of the q = 4 Potts model on the honeycomb lattice, using the above three types of BCs, in figures 2-4. The zeros cross the positive real a axis at only one point, which is the PM-FM transition point; this value is in good agreement with the exact result a c = 5 of equation (2.10). The zeros thus exclude a PM-AFM transition and associated low-temperature phase with AFM long-range order, since such a transition would be represented by a curve of CT zeros crossing the real a axis at some point in the interval 0 a < 1. Concerning earlier work that bears on this, we note that a recent Monte Carlo study of the q = 3 Potts AF on the honeycomb lattice [25] yielded evidence that that model has no symmetry-breaking phase transition and thus is disordered at all temperatures, including T = 0, where it exhibits nonzero ground state entropy measured to be S 0 /k B = 0.957. The latter value is close to an estimate [25] from earlier large-q series [26] and is bracketed closely by rigorous upper and lower bounds [28] . Because increasing q makes the spins 'floppier', one expects that the Potts AF on the honeycomb lattice for q 4 is similarly disordered at all temperatures, and, indeed, this has been rigorously proved [24] .
A second remark is that the zeros are also consistent with the inference that a curve on the CT phase boundary B crosses the real axis at the value in equation (2.11), a = −1. This crossing is clearest with the (pbc,fbc) BCs, shown in figure 3 . Two other possible crossings occur at a = −2.0(2) and a = −0.47 (5) . For the latter point we have another source of information, using duality; if a crossing did occur at this point, it would be the closest, on the left, to the origin of the a plane and consequently its dual image would be the leftmost crossing of the CT phase boundary of the q = 4 Potts model on the triangular lattice, in the a d plane. In the other cases of q value and lattice type where such Potts-model series have been calculated and analysed [6] , they have been able to locate the leftmost singularity on the real a axis (corresponding to the nearest singularity left of the origin in the z plane) with good accuracy. However, the analysis of the low-temperature series for the q = 4 Potts model on the triangular lattice does not yield very strong evidence for such a singularity.
The leftmost crossing, in the a plane, of the CT zeros for the q = 4 Potts model on the honeycomb lattice, and hence of B in the thermodynamic limit, is related by duality to physical properties of the q = 4 Potts AF on the dual, i.e. triangular, lattice; as discussed in [7] , the full temperature interval 0 a d 1 of the q-state Potts AF on this dual lattice d maps in a 1-1 manner, under duality, to the CT interval −∞ a −(q − 1) of the Potts model on the lattice . Now, it has been argued [37] that the Potts AF on the triangular lattice has a zero-temperature critical point (see also [38] , where a study of the closely related T = 0 critical point of the q = 3 Potts AF on the kagomé lattice is given). Using the duality connection [7] , one then deduces that the leftmost crossing of B for the q = 4 Potts model on the honeycomb lattice is at a = −3.
( 5.2)
The CT zeros that we have calculated are consistent with this. The slight flaring out of the zeros to the left of this point appears as a finite lattice-size effect.
As was the case with the q = 2 Ising case and with q = 3, we again observe complexconjugate arcs of zeros protruding into, and terminating in, the CT extension of the PM phase, ending at a hc,e,q=4 , a * hc,e,q=4 = 0.27(3) ± 1.68(4)i.
(5.3)
We recall that in the exactly known q = 2 case, these arc endpoints occur at a = e ±π i/3 ; as discussed in [8] , as q increases, these arc endpoints in the CT PM phase move to larger magnitudes |a e | and larger values of the angle θ = arg(a e ). There also appears to be another complex conjugate pair of arcs protruding into the CT PM phase, with endpoints at a hc,e ,q=4 , a * hc,e ,q=4 = −0.34(3) ± 0.45(7)i.
(
5.4)
A general observation is that all of the CT singularities obtained from the analysis of the low-temperature series are consistent with lying on the CT phase boundary B. This clearly includes the physical PM-FM critical point a hc, PM-FM,q=4 = 5, the leftmost crossing at a hc, ,q=4 = −3, and also the complex conjugate pair given in equation (4.1). We note that (i) the crossing at a = −1, and the complex conjugate pairs of arc endpoints in the PM phase in equations (ii) (5.3), and (iii) (5.4) are not expected to be seen with the lowtemperature series because they are not contiguous with the CT extension of the FM phase but rather are within a presumed O phase † for (i) and the CT PM phase for (ii) and (iii).
Triangular lattice, q = 3
In figures 5 and 6, we present calculations of CT zeros for the q = 3 Potts model on the triangular lattice. For consistency, we have plotted all of our zeros in the a plane; however, we note that when relating zeros of Z for the Potts model on one lattice to those on the † A complex-temperature O ('other') phase [17, 18] denotes one that has no overlap with any physical phase. One observes complex-conjugate arc endpoints protruding into, and ending in, the (CT extension of the) FM phase at a e , a * e = 0.072(10) ± 1.85(2)i.
(5.5)
The points at which one can infer crossings of the zeros, and hence the CT phase boundary B are (in order, proceeding from right to left along the real a axis) (1) the PM-FM critical point a PM-FM,q=3 = 1.879 . . . given by equation (2.12); (2) the PM-AFM critical point [39, 40] , which has recently been measured by a Monte Carlo simulation to high precision, a PM-AFM,q=3 = 0.203 09(3) [41] ; (3) a 2,q=3 = −0.3473 . . . in equation (2.13), (4) a = −0.82(3), and (5) a 3,q=3 = −1.532 . . . in equation (2.14) . In [35] , it was suggested that points (2) and (4) were given by two of the roots of the equation a 3 + 6a 2 + 3a − 1 = 0, namely, a = 0.226 682 . . ., a = −0.815 2075 . . ., while the third root, a = −5.411 474 . . . would be associated with the completion of the complex-conjugate arcs of zeros (labelled as branches 6 in [35] ) to form a closed curve crossing the negative real a axis at this root. However, neither the early [39, 40] determinations nor the recent high-precision determination [41] of a PM-AFM agrees with the value a = 0.226 682, and the suggestion about the closing of the arcs to form a closed curve crossing the negative real axis at a = −5.411 474 has been refuted [7] since, by duality, it is equivalent to a finite-temperature phase transition in the q = 3 Potts AF on the honeycomb lattice, which is known not to occur [25] . The CT phase diagram in the a plane for the q = 3 Potts model on the triangular lattice thus consists of a PM, FM, and AFM phases, with indications of at least one O phase. 
Triangular lattice, q = 4
In figures 7 and 8 we show CT zeros of the partition function for the q = 4 Potts model on the triangular lattice with two different sets of BCs. Qualitatively, the patterns of CT zeros are similar to those for q = 3. The points at which the zeros, and hence the CT phase boundary B inferred in the thermodynamic limit, cross the real a axis can be obtained via duality from those for the q = 4 model on the honeycomb lattice. The rightmost crossing is consistent with the known exact value a t, PM-FM,q=4 = 2 in equation (2.15) . This is equivalent, by duality, to the known value a hc, PM-FM,q=4 = 5 for the q = 4 Potts model on the honeycomb lattice. Assuming the correctness of the suggested zero-temperature critical point in the model [37] , we deduce that the CT zeros and the CT phase boundary B have no further crossings on the positive real axis but cross this axis at a = 0. This would imply that in the thermodynamic limit, the innermost complex-conjugate arcs of zeros pinch together at this point. As can be seen from figures 7 and 8, this requires that the two complexconjugate arcs of zeros nearest to the origin in the a plane must pull back slightly to the left as the lattice size goes to infinity. By duality, this crossing of the CT zeros at a = 0 on the triangular lattice is equivalent to the crossing of the CT zeros at a = −3 for the q = 4 Potts model on the honeycomb lattice. In the present case, the CT zeros are also consistent with the conclusion that another crossing is at a = a t,2,q=4 = −1, the multiple root of equation (2.9) given above in equation (2.16) ; the dual equivalent is that the CT zeros in the q = 4 Potts model on the honeycomb lattice also cross the real a axis at a = −1. This is, of course, consistent with our calculations of CT zeros on the honeycomb lattice. There are also suggestions of other possible crossings of CT zeros for the present q = 4 case on the triangular lattice. These include a possible crossing at a = −0.33(3), corresponding to the observed crossing of zeros for the honeycomb lattice at a = −2.0(2). We have noted above that an analysis of the low-temperature series for the q = 4 Potts model on the triangular lattice does not yield a firm indication of a singularity on the negative real z (equivalently a) axis. Such a singularity would occur at the leftmost crossing of the zeros, z = a −1 . It is possible that the reason for this is that, if, indeed, a t, ,q=4 = −1, then the effect of this singularity is shielded by the effects of singularities lying to the left in the complex a plane (perhaps associated with the arcs of zeros in figures 7 and 8), i.e. closer to the origin of the z plane.
We also observe clear complex conjugate arcs of zeros protruding into the FM phase, with endpoints at a t,e,q=4 , a * te,q=4 = 0.12(1) ± 1.97(3)i.
(5.6)
As indicated in the notation, this complex conjugate pair of points is in very good agreement with the complex conjugate pair of singularities given in equation (4.12) , identified from the analysis of the low-temperature series. Thus, in both of these cases, the q = 3 and q = 4 Potts models on the triangular lattice, we find excellent agreement between such complex conjugate pairs of singularities extracted from low-temperature series analyses and endpoints of arcs of zeros obtained from the calculation of CT zeros on finite lattices.
Comparison of CT singularities with phase boundary for triangular lattice
Evidently, the respective values of the physical PM-FM critical point a PM-FM,q and the leftmost point where B crosses the real a axis, a ,q , as obtained from the analysis of the low-temperature series are in excellent agreement with the roots of the general formula (2.9) and also with the crossing points seen with the CT zeros for both q = 3 and q = 4. The respective complex-conjugate pair of singularities at z e,q , z * e,q from the analysis of the low-temperature series are seen to be the ends of complex conjugate arcs of zeros (in the thermodynamic limit, continuous arcs of singularities) protruding into and ending in the CT FM phase. For q = 3 and q = 4, from our analysis of the series we have also obtained evidence for a complex-conjugate pair of singularities at the respective values a e ,q , a * e ,q as given in equations (4.9) and (4.14). Comparing these respective pairs of singularities with the CT phase boundary B inferred from the CT zeros for q = 3 and q = 4, we observe that each pair is consistent with lying on the respective boundary B, in the 'northwest' and 'southwest' quadrants of the a plane.
Triangular lattice, q = 5
It is also of interest to present an example of CT zeros calculated for the q-state Potts model on the triangular lattice with q in the range where the Potts AF is disordered at all temperatures including T = 0. Accordingly, we show in figure 9 the CT zeros for the case q = 5. For q > 4, equation (2.9) has only one real root, together with a conjugate pair of complex roots. The real root for this case is a PM-FM,q=5 = 2.103 803 . . .. This is in agreement with the rightmost crossing point of the zeros on the real a axis. As is evident from figure 9 , the curves of zeros that we had inferred to pass through the origin for the q = 4 model have moved further to the left, consistent with the conclusion that no branch of B passes through the interval 0 a < 1, i.e. that the q = 5 Potts AF is disordered for all temperatures including T = 0. The other features of the CT phase diagram are similar to those that we have observed before, including the prominent complex conjugate arcs of zeros protruding into the FM phase near to the vertical axis in the a plane.
Comparison with q = 2 Ising case for the triangular lattice
One can gain some further insight into these results from a comparison with the exactly solved q = 2 Ising case. The CT phase diagram in the z plane is shown as figure 1(b) of [33]; in the a plane, the CT phase boundary maps to the union of (i) an oval with its longer side along the real a axis, crossing this axis at ±a PM-FM,q=2 = ± √ 3, and (ii) a vertical line segment along the imaginary a axis extending from − √ 3i upward to √ 3i. This line segment bisects the oval and divides the interior into the PM phase to the right and an O phase to the left; outside of the oval is the FM phase. The two components (i) and (ii) of B intersect at the multiple points a = ±i. Now, taking the broader perspective of general q, one sees that as q increases from 2 to 4, the PM-FM phase transition point a PM-FM,q , which is the largest root of equation (2.9), moves monotonically to the right, as dictated by general inequalities (as q increases, the spins become 'floppier', and one must go to lower temperature to attain FM long-range order). A qualitative change occurs as one increases q above 2, in that the middle root of equation (2.9) moves to negative values, as does this portion of the CT phase boundary. Thus, while the T = 0 critical point of the Ising AF corresponds to the middle root of equation (2.9), the T = 0 critical point of the q = 4 model that has been argued for does not correspond to any root of this equation (2.9).
Comparison of CT singularities with phase boundaries for other cases
In [8] , it was noted that for the Potts model with q = 3 on the honeycomb lattice and with q = 3, 4 on the kagomé lattice, the positions of the physical PM-FM transition points, as obtained from equation (2.8) for the honeycomb lattice and from series analyses for the kagomé lattice, agreed nicely with the maximal real points at which the CT zeros crossed the real a axis. It was also noted that the leftmost crossing point of the zeros at the respective points a were in good agreement (i) for the q = 3 triangular case with a prediction from duality [7] and a precise Monte Carlo measurement of the PM-AFM transition temperature of the q = 3 Potts AF on the triangular lattice [41] ; and (ii) for the q = 3, 4 kagomé case with the values obtained from low-temperature series analyses [6] . Here, we extend this comparison to the complex-a singularities.
Honeycomb lattice, q = 3
The low-temperature series analysis of the q = 3 Potts model on the honeycomb lattice in [6] yielded evidence for a complex conjugate pair of singularities in the thermodynamic functions at z ± = −0.06(2)±0.47(3)i. The central values correspond to a ± = −0.27±2.1i.
Comparing with the results of [8] , one sees that these points lie slightly to the upper left and lower left of the curve of CT zeros in the 'northwest' and 'southwest' quadrants of the a plane. This complex conjugate pair may be associated with possible complex conjugate cusp-like structures in this vicinity, as is hinted at in figure 7 of [8] .
Kagomé lattice, q = 3
In addition to the PM-FM critical point and the leftmost crossing point, the low-temperature series analysis of [6] found evidence for CT singularities at four complex conjugate pairs of points in the z plane, namely, z 1,± = 0.38(2)±0.24(2)i, z 2,± = 0.278(10)±0.38(1)i, z 3,± = −0.113(6) ± 0.515(10)i, and z 4,± = −0.37(2) ± 0.30(5)i. The central values correspond approximately to the points a 1,± = 1.9 ± 1.2i, a 2,± = 1.25 ± 1.7i, a 3,± = −0.41 ± 1.85i, and a 4,± = −1.6 ± 1.3i. As discussed above, one expects the true singularities of the thermodynamic functions to lie on the CT phase boundaries, since these quantities are analytic functions of complex temperature in the interiors of the CT phases. However, as our illustration with the exactly calculated magnetization of the q = 2 Ising case showed, low-temperature series may, in general, indicate singularities which lie off the CT phase boundary in regions where these series do not apply; the corresponding factors are presumably present in the true function (e.g. the factor (1 − u) −1/2 in (5.1)). The poles labelled a 2,± and a 4,± are definitely consistent with lying on CT phase boundaries which may be plausibly inferred in the thermodynamic limit from the zeros calculated in [8] for finite lattices. For some, but not all, types of BCs, there is an indication of complex conjugate arcs of zeros protruding into the CT FM phase and ending therein at points near to a 4,± . The previous experience with exactly known CT phase diagrams [34, 33, 17] and a comparison between CT zeros and low-temperature series expansions for the higher-spin Ising model [31, 32] showed that, in the cases studied, the magnetization diverges at the ends of arcs or line segments of singularities of the free energy which protrude into the CT FM phase. Thus, if the complex conjugate singularities at a 4,± do lie at the ends of such arcs, this would be in accord with the divergence found in the magnetization in [6] . The points a 3,± lie somewhat outside the curves of zeros, in the interior of the FM phase, while the points a 1,± lie slightly inside of the CT phase boundary B in the interior of the CT PM phase.
Kagomé lattice, q = 4
In this case, [6] obtained the two complex conjugate pairs of CT singularities at z 1,± = 0.275(10) ± 0.305(10)i and z 2,± = −0.345(10) ± 0.235(1)i. The central values correspond to the points a 1,± = 1.63 ± 1.81i, and a 2,± = −1.98 ± 1.35i. The complex conjugate pair a 1,± lie on the inferred phase boundary B in the upper and lower right quadrants of the a plane. Similarly, the complex conjugate pair a 2,± lie on B in the upper and lower quadrants of the left-hand half plane Re (a) < 0, in the region of arc-like structures on this boundary.
Conclusion
We have carried out a unified study of the q-state Potts model with q = 4 on the honeycomb lattice and with q = 3, 4 on the triangular lattice, including the calculation and analysis of long low-temperature series and the calculation of CT zeros of the partition function which allow us to make reasonable inferences about the CT phase boundary B in the thermodynamic limit. In all cases, the series are in excellent agreement with the known values of the respective PM-FM critical points. For the q = 4 Potts model on the honeycomb lattice, there is no PM-AFM critical point and, concerning CT properties, we find that the series analysis and CT zeros yield a value of the leftmost crossing a in good agreement with the inference from duality and the zero-temperature critical point of the q = 4 Potts model on the triangular lattice, namely, a = −3. For the triangular lattice, the CT zeros agree well with the known PM-AFM transition of the q = 3 model and are also consistent with the property that the q = 4 model has a T = 0 critical point. The singularities seen in the series at the largest negative values of a are seen to be the leftmost points where the CT phase boundary crosses the negative real a axis. For both q = 3 and q = 4 the series also yield clear indications of a complex-conjugate pair of singularities which are seen to lie at the ends of arcs of CT zeros protruding into the CT FM phase. In each case, there are indications of another complex conjugate pair lying on the respective CT phase boundaries. We have also discussed how the positions of various CT singularities lying at complex values of a in this model and also in the q = 3, 4 model on the kagomé lattice correlate with the respective CT phase boundaries.
